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Abstract. The current observations seem to suggest that the universe has a 
positive cosmological constant of the order of while the most natural value 
for the cosmological constant will be Lp^ where Lp = {Gh/c^)^/'^ is the Planck 
length. This reduction of the cosmological constant from L"^ to L~^(LpHo)^ 
may be interpreted as due to the ability of quantum micro structure of spacetime 
to readjust itself and absorb bulk vacuum energy densities. Being a quantum 
mechanical process, such a cancellation cannot be exact and the residual quantum 
fluctuations appear as the "small" cosmological constant. I describe the features 
of a toy model for the spacetime micro structure which could allow for the bulk 
vacuum energy densities to be canceled leaving behind a small residual value of 
the the correct magnitude. Some other models (like the ones based on canonical 
ensemble for the four volume or quantum fluctuations of the horizon size) lead to 
an insignificantly small value of H^(LpHo)" with n = 0.5 — 1 showing that 
obtaining the correct order of magnitude for the residual fluctuations in the 
cosmological constant is a nontrivial task, becaue of the existence of the small 
dimensionless number HoLp . 
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The action for classical gravitational field depends on the speed of light, c, the 
Newtonian gravitational constant, G and the cosmological constant, A. Since it is 
not possible to produce a dimensionless number from these three constants, their 
relative values have no meaning and with a suitable choice of units we can set all the 
three of them to unity if they are nonzero and positive, say. The situation is different 
in quantum theory which introduces the constant h. It is then possible to form the 
dimensionless number K{Gfi/c') = ALp where Lp w 10^'^^ cm is the Planck length. If 
we assume that dimensionless combinations of coupling constants should be of order 
unity, then the natural value for cosmological constant will be A « Lp^. Current 
cosmological observations, (e.g., and (P), however, suggest that, the effective value 
value of A (which will pick up contributions from all vacuum energy densities of matter 
fields) has been reduced from the natural value of Lp^ to Lp^(LpiJo)^ where Hq is 
the current value of the Hubble constant. If these observations are correct, then 
we need to answer two separate questions: (i) Why does large amount of vacuum 
energy density remain unobservable by gravitational effects ? (ii) Why does a very 
tiny part of it appears as observable residue ? [Attempt to understand the nature 
of the cosmological constant has a long history. Some of the pioneering ideas in this 
subject are by Zeldovich also see Q]. For a review of issues related to cosmological 
constant, see and references cited therein.] 

An attractive way of thinking about these questions is the following: Let us 
assume that the quantum micro structure of spacetime at Planck scale is capable of 
readjusting itself, soaking up any vacuum energy density which is introduced — like 
a sponge soaking up water. If this process is fully deterministic and exact, all vacuum 
energy densities will cease to have macroscopic gravitational effects. However, since 
this process is inherently quantum gravitational, it is subject to quantum fluctuations 
at Planck scales. Hence, a tiny part of the vacuum energy will survive the process 
and will lead to observable effects. I would conjecture that the cosmological constant 
we measure corresponds to this small residual fluctuation which will depend on the 
volume of the spacetime region that is probed. It is small, in the sense that it has 
been reduced from Lp^ to Lp^{LpHo)^ , which indicates the fact that fluctuations — 
when measured over a large volume — is small compared to the bulk value. It is the 
wetness of the sponge we notice, not the water content inside. 

To make further progress with such an idea, one needs to know the exact 
description of spacetime micro structure in a quantum theory of gravity. Since this is 
not available, I will proceed in a more tentative and speculative manner illustrating 
the idea in three stages. To begin with, I will provide a description of spacetime micro 
structure in which cancellation of bulk of the vacuum energy density is indeed possible. 
Next, I will explore the consequences of such a model in the semi classical limit. 
Finally, I will indicate how the residual fluctuations can survive after the cancellation 
of the bulk vacuum energy and provide the cosmological constant of the same order 
as observed in the universe. The first part is an excursion into unknown territory and 
is necessarily speculative. The second part is simple and rigorous while the third part 
is fairly straightforward in the context of quantum cosmology. Part of the motivation 
in presenting these ideas is to generate further interest in this approach so that better 
models can be constructed. 

Let me begin by asking how the action in Einstein's gravity arises in the long 
wavelength limit of some (unspecified) description of spacetime micro structure. If 
the macroscopic spacetime is divided into proper four volumes of size (Ax)^ then the 
long wavelength limit will correspond to {Ax/Lp)'^ ^ 1. In the classical limit, we will 
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let (Ax)"* to be replaced by the integration element for the proper 4- volume ^/—g d^x. 
[The description is similar to the one used in kinetic theory of gases in which a spatial 
volume d^x will be treated as infinitesimal for the purposes of calculus but — at the 
same time — is expected to contain sufficiently large number of molecules in order to 
provide a smooth fluid approximation.] Given a large 4-volume V of the spacetime, 

we will divide it into M cubes of size (Aa:)* and label the cubes by n = 1, 2, , M. 

The contribution to the path integral amplitude A, describing long wavelength limit 
of gravity, can be expressed in the form 



I + ici{RLl) + C2{RL] 



i{Ax) 

i^p 



(1) 



The nature of the terms within the brackets ( ) is essentially dictated by symmetry 
and dimensional considerations with ci , C2 etc. being numerical constants. The leading 
term should obviously be proportional to R to reproduce Einstein's theory; but it is 
possible to have non polynomial sub leading term like ln(i?Lp), or even combinations 
involving other curvature components. I will not be concerned with these terms (and 
have not explicitly shown them) since the classical gravity only cares for the leading 
term. (This is obvious from the facts that Lp (x fi while the classical action should 
be independent of %.) Also note that we have ignored a constant term — which 
will represent the cosmological constant — for the moment; this, of course, will be 
discussed in detail later on. Writing (1 + « e^, the amplitude becomes 



A= [] [cxp(ci(i?L|,) + •••)] 



exp^ 



d'x^g(RLl) (2) 

where in the last equation I have indicated the standard continuum limit. (In 
conventional units ci = (IBtt)"^.) So far, I have merely reinterpreted the conventional 
results. 

Let us now ask how one could describe the ability of spacetime micro structure to 
readjust itself and absorb vacuum energy densities. This would require some additional 
dynamical degree of freedom that will appear in the path integral amplitude and 
survive in the classical limit. Let us describe this feature by modifying the amplitude 
[exp(ci(i?Lp) + •••)] in the above equation by a factor [(/)(xn)/(/>o] where (j){x) is a 
scalar degree of freedom and (j)Q is a pure number introduced to keep this factor 
dimensionless. In other words, I modify the amplitude to the form: 

0(x„^ - " -T^^ 



•^modify ~ 



(3) 



Since this is the basic assumption which I have introduced, let us pause for a moment 
to discuss it. 

Different approaches to quantum gravity have different descriptions of microscopic 
spacetime structure (strings, loops, ...); however, all of them need to reproduce 
the action A^^ for classical Einstein gravity in the long wavelength limit, which is 
equivalent to providing a path integral amplitude exp(iylgr) in the semiclassical limit. 
Since Ag^ is expressible as a spacetime integral over a local Lagrangian density, all 
these approaches will lead to something similar to equation (|^) at the appropriate limit. 
If this is the whole story, no trace of quantum gravitational micro structure survives 
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at macroscopic scales and I cannot implement the basic paradigm of macroscopic 
vacuum energy densities being compensated by readjustment of spacetime micro 
structure. Equation (|^), on the other hand, states that the correct approach to 
quantum gravity will lead to the survival of an extra bulk degree of freedom [denoted 
by (pix)] which characterizes the ability of each Planck scale volume element to readjust 
to vacuum energy densities. This modification is certainly the simplest possible one 
mathematically. 

Let us see how this works in the long wavelength limit. The extra factor in (||) 
will lead to the term of the form 



n 



cxp 



l^P 



ln( ^ 



exp 



d X\/~ghi 



(4) 



Thus, the net effect of our assumption is to introduce a 'scalar field potential' 



y(</.) 



-Lp In ((/)/(j)o) in the semiclassical limit. It is obvious that the rescaling 



of such a scalar field hy (f> ^ qcj) is equivalent to adding a cosmological constant with 
vacuum energy —Lp'^lnq. Alternatively, any vacuum energy can be re absorbed by 
such a rescaling. 

I am not suggesting that is a fundamental scalar field with a logarithmic 
potential; rather, it is a residual degree of freedom arising from unknown quantum 
micro structure of spacetime and surviving to macroscopic scales. The difference 
between these two points of view is vital. To see this explicitly, consider a classical 
gravitational field coupled to a scalar field with the action 

1 



A 



16ttL% 



-gd^x 



Lp^ In 



(5) 



It may seem that we can absorb A by a rescaling even now. Indeed, the action in 
is invariant under the transformations 



fx""; 



i^p 



new 



(6) 



with 



q ~ exp 



/=- 

q 



(7) 



If the original cosmological constant was such that ALp = 0{1), then q and / are 
order unity parameters and the renormalized value of the Newtonian constant differs 
from the original value only by a factor of order unity. If ALp <C 1 the same result 
holds with greater accuracy. The difficulty is that, if we treat </) as a dynamical field, 
then the term 

A 



An 



d^X. 



-g 



00 



(8) 



in the action will evolve and contribute a vacuum energy density of 0{Lp'^) which, 
of course, we do not want. The fact that the scalar degree of freedom occurs as a 
potential in (^) without a corresponding kinetic energy term shows that its dynamics 
is unconventional and nonclassical. 
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The above description in terms of macroscopic scalar degree of freedom can, of 
course, be only approximate. Treated as a vestige of a quantum gravitational degrees 
of freedom, the cancellation in (H), leading to Aq = 0, cannot be precise because of 
fluctuations in the elementary spacetime volumes. These fluctuations will reappear as 
a "small" cosmological constant because of two key ingredients: (i) discrete spacetime 
structure at Planck length and (ii) quantum gravitational uncertainty principle. 

To show this, we first note that the net cosmological constant can be thought of 
as a lagrange multiplier for proper volume of spacetime in the action functional for 
gravity arising from the Aq term in (H). In any quantum cosmological models which 
leads to large volumes for the universe, phase of the wave function will pick up a factor 
of the form 



from (^), where V is the four volume. Treating (Aoff/87rLp, V) as conjugate variables 
{q,p), we can invoke the standard uncertainty principle to predict AA « 87rLp/AV. 
Now we use the earlier assumption regarding the microscopic structure of the 
spacetime: Assume that there is a zero point length of the order of Lp so that the 
volume of the universe is made of a large number (N) of cells, each of volume (aLp)^ 
where a is a numerical constant. Then V — N{aLp)'^, implying a Poisson fluctuation 
AV » VViaLpY and leading to 



This will give fl^ — (87r/3a^) which will — for example — lead to ft a — (2/3) if 
a = 2-y/7r. Thus Planck length cutoff (UV limit) and volume of the universe (IR limit) 
combine to give the correct AA. 

A similar result was obtained earlier by Sorkin |^ based on a different model. 
The numerical result can of course arise in different contexts and it is probably worth 
discussing some of the conceptual components in my argument. The key idea, in this 
approach, is that A is a stochastic variable with a zero mean and fluctuations. It is the 
rms fluctuation which is being observed in the cosmological context. This has three 
implications: First, FRW equations now need to be solved with a stochastic term 
on the right hand side and one should check whether the observations can still be 
explained. The second feature is that stochastic properties of A need to be described 
by a quantum cosmological model. If the quantum state of the universe is expanded 
in terms of the eigenstates of some suitable operator (which does not commute the 
total four volume operator), then one should be able to characterize the fluctuations 
in each of these states. Third, and most important, the idea of cosmological constant 
arising as a fluctuation makes sense only if the bulk value is rescaled away; I have 
provided a toy model showing how this could be done. [In contrast, Q, for example, 
assumes the bulk value to be zero.] 

To show the nontriviality of this result, let me compare it with few other 
alternative ways of estimating the fluctuations — none of which gives the correct result. 
The first alternative approach is based on the assumption that one can associate an 
entropy S = [Ah/^L"],) with compact space time horizons of area Ah- One popular 
interpretation of this result is that horizon areas are quantized in units of Lp so that S 
is proportional to the number of bits of information contained in the horizon area. In 
this approach, horizon areas can be expressed in the form Ah = ApN where Ap cx Lp 




(9) 




(10) 
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is a quantum of area and N is an integer. Then the fluctuations in the area wiU be 
AAh = Ap\fN = ^ApAn- Taking Ah oc A"^ for the De Sitter horizon, we find 
that AA c>c H^{HLp) which is a lot smaller than what one needs. Further, taking 
Ah we find that Ar// fx Lp; that is, this result essentially arises from the idea 

that the radius of the horizon is uncertain within one Planck length. This is quite 
true, of course, but does not lead to large enough fluctuations. 

A more sophisticated way of getting this (wrong) result is to relate the fluctuations 
in the cosmological constant to that of the volume of the universe is bv using a 
canonical ensemble description for universes of proper Euclidean 4- volume [[7| . Writing 

V = V/87rLp and treating V and A as the relevant variables, one can write a partition 
function for the 4-volumc as 

/>oo 

ZiV) = / 5(A)e-^^dA (11) 
Jo 

Taking the analogy with standard statistical mechanics (with the correspondence 

V ^ (3 and A — > i?) , we can evaluate the fluctuations in the cosmological constant in 
exactly the same way as energy fluctuations in canonical ensemble. (This is done in 
several standard text books; see, for example, |^ p. 194.) This will give 

(AA)^-^- C-^^--V'^ (12) 

where C is the analogue of the speciflc heat. Taking the 4- volume of the universe to 
be V = bH^'^ — 96A^-^ where & is a numerical factor and using V = (V/87rLp) we get 



A cx It follows from (12) that 



(AA)^ - - ^^{LpH^Y (13) 

In other words AA cx H^{HLp), which is the same result from area quantization and 
is a lot smaller than the cosmologically significant value. 

Interestingly enough, one could do slightly better by assuming that the horizon 
radius is quantized in units of Planck length, so that rn ~ = NLp. This 

will lead to the fluctuations Arn — y/rnLp and using rn = H^^ cx A^^/^, we get 
AA cx H'^{HLpY/'^ — larger than ( [T^ ) but still inadequate. These conclusions stress, 
among other things, the difference between fl,uctuations and the mean values. For, if 
one assumes that every patch of the universe with size Lp contained an energy Ep, 
then a universe with characteristic size will contain the energy i? = {Ep / Lp)H~^ . 
The corresponding energy density will be pv — {E / H^^) — (H/Lp)^ which leads to 
the correct result. But, of course, we do not know why every length scale Lp should 
contain an energy Ep and — more importantly — contribute coherently to give the 
total energy. In summary, the existence of two length scales and Lp allows 

different results for AA depending on how exactly the fluctuations are characterized 
{AV oc ^/N,AA cx ^/N or Arn cx \/N). Hence the result obtained above in ( p^ ) is 
non trivial. 

As an aside, one could ask under what circumstance the canonical ensemble will 
lead to the correct fluctuations of the order AA = SHaH^ where 57a ~ (0.65 — 0.7) 
is a numerical factor. Using the statistical formula (AA)^ = CV^^ = —{dA/dV) and 
the relation (AA)^ = 3QaH'^ we get 

(AA)2 = -|A o,H*(x cx LpV-i = fcLpV-i (14) 
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where k = (96/87r)ri^ is a known numerical constant of order unity. Integrating, we 
find A = kLp^ HVo/V) leading to 

V^Voe^pf-^) (15) 



Thus, to produce the correct fluctuations, the 4- volume of the universe need to decrease 
exponentially with A while we normally expect V oc A^^ which is just a power law 
decrease. It is rather curious that our toy scalar field model leads to exactly the same 
relationship as in (|l5|). Note that the rescaling obtained in (^) which was needed to 
cancel the bulk cosmological constant, changes the 4- volume from Vo to V where 

Vo ^ V = = Voq-^ = Vo exp (-^^ (16) 

This is precisely the dependence of V on the bulk value of the A which is required 
to produce the correct fluctuations even in the canonical ensemble picture. [The 
connection between these two approaches is not clear. If one takes the numerical 
coefficient seriously, then setting k — 2-1: gives VI — (47r/3A/6).] 

While I am not optimistic about the details of the model suggested here, I find it 
attractive to think of the observed cosmological constant as arising from quantum 
fluctuations of some energy density rather than from bulk energy density. This 
is relevant in the context of standard discussions of the contribution of zero-point 
energies to cosmological constant. I would expect the correct theory to regularise the 
divergences and make the zero point energy finite and about Lp''. This contribution 
is most likely to modify the microscopic structure of spacetime (e.g if the spacetime 
is naively thought of as due to stacking of Planck scale volumes, this will modify the 
stacking or shapes of the volume elements) and will not affect the bulk gravitational 
field when measured at scales coarse grained over sizes much bigger than the Planck 
scales. 

I thank K.Subramanian for useful discussions. 
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